Abstract. We interpolate a new family of Teichmüller spaces T X ♯ between the universal Teichmüller space T and its little subspace T 0 , which we call the Teichmüller space of piecewise symmetric homeomorphisms. This is defined by prescribing a subset X of the unit circle. The inclusion relation of X induces a natural inclusion of T X ♯ , and an approximation of T is given by an increasing sequence of T X ♯ . In this paper, we discuss the fundamental properties of T X ♯ from the viewpoint of the quasiconformal theory of Teichmüller spaces. We also consider the quotient space of T by T X ♯ as an analog of the asymptotic Teichmüller space.
Introduction
A sense-preserving self-homeomorphism h of the unit circle S = {z ∈ C | |z| = 1} is said to be quasisymmetric if there exists a (least) positive constant C(h), called the quasisymmetry constant of h, such that
for all pairs of adjacent intervals I 1 and I 2 on S with the same length |I 1 | = |I 2 |. Beurling and Ahlfors [4] proved that a sense-preserving self-homeomorphism h of S is quasisymmetric if and only if there exists some quasiconformal homeomorphism of the unit disk D = {z ∈ C | |z| < 1} onto itself that has boundary value h. Later, Douady and Earle [6] gave a quasiconformal extension of a quasisymmetric homeomorphism of S, called the barycentric extension, in a conformally invariant way.
The universal Teichmüller space T is a universal parameter space of marked complex structures on all Riemann surfaces and can be defined as the group QS of all quasisymmetric homeomorphisms of S modulo the left action of the group Möb(S) of all Möbius transformations of S, i.e., T = Möb(S)\QS. The quotient by Möb(S) is alternatively achieved by giving a normalization to elements in QS. A topology of T is induced by the quasisymmetry constants of normalized quasisymmetric homeomorphisms. It is known that T is contractible (see [7] and also [6] ) and is an infinite dimensional complex manifold modeled on a certain Banach space via the Bers embedding through the Schwarzian derivative (see [10, 14, 18] ).
A quasisymmetric homeomorphism h is called symmetric if
uniformly as |I 1 | = |I 2 | → 0. Let Sym denote the set of all symmetric homeomorphisms of S. It is known that h is symmetric if and only if h can be extended to an asymptotically conformal homeomorphism f of D onto itself in the sense that its complex dilatation µ =∂f /∂f vanishes at the boundary. This result is attributed to Fehlmann [9] in [11] . It is proved by Earle, Markovic, and Saric [8] that the barycentric extension of a symmetric homeomorphism h is asymptotically conformal. We denote Möb(S)\Sym by T 0 and call it the little universal Teichmüller space. This little subspace T 0 of T as well as the asymptotic Teichmüller space T 0 \T was investigated in depth by Gardiner and Sullivan [11] . In particular, they endowed T 0 with a complex Banach manifold structure via the Bers embedding, and proved that the Bers embedding is compatible with the coset decomposition T 0 \T and the quotient of the Banach spaces. In particular, T 0 \T is equipped with the complex structure modeled on the quotient Banach space.
We can localize the definition of symmetric homeomorphism. We say that a quasisymmetric homeomorphism h is symmetric on the closed interval I of S if the above uniform convergence |h(I 1 )|/|h(I 2 )| → 0 holds for all allowable intervals I 1 and I 2 in I. It was shown by Fehlmann [9] (also see [11, Proposition 3.1] ) that h is symmetric on I if and only if h has a local dilatation, which is the infimum of maximal dilatations of any possible local quasiconformal extensions of h, equal to 1 at every point of I.
In this paper, using this localization, we will interpolate a family of Teichmüller spaces T In Section 2, we review the standard theory of the (little) universal Teichmüller space. In Section 3, we define our Teichmüller space T X ♯ in general by using quasiconformal extension of QS. Especially, we introduce piecewise symmetric homeomorphisms for a finite subset X in S and call T X ♯ the piecewise symmetric Teichmüller space. This is done by giving the intrinsic characterization of piecewise symmetric homeomorphisms for X as mapping on S without using quasiconformal extension.
In Sections 4-6, we show that the barycentric extension is a desired extension for piecewise symmetric homeomorphisms for X, following the work of [8] . After this, by the standard arguments, we endow T X ♯ with a complex Banach manifold structure via the Bers embedding under which it can be biholomorphically embedded as a bounded domain in a certain Banach space. As an application, in Section 7, we prove that the Bers embedding is compatible with the coset decomposition T X ♯ \T and the quotient of the Banach spaces. Here, we should pay attention to the definition of the equivalence relation given by T X ♯ because it does not have a group structure unlike the usual cases. As a consequence, we successfully endow T X ♯ \T with a complex structure modeled on the quotient Banach space as in the case of the asymptotic Teichmüller space.
In Section 8, we show certain rigidity under conjugation by the piecewise symmetric homeomorphism for X. Finally, in Section 9, we will explore the relationship between T X ♯ and T when X is dense in S, and prove that T X ♯ is strictly included in T even in this case. Finally, we specify the difference between the Teichmüller spaces T X ♯ in this paper and T X * in our previous paper [19] . For T X * , we assume that the Beltrami coefficients decay towards the boundary S\X in a certain uniform way, but for T X ♯ , the decay condition is less restrictive. Due to this relaxation, we are able to formulate an intrinsic characterization of piecewise symmetric homeomorphisms (Theorem 3.4), and a full list of the properties of the barycentric extension (Theorem 5.1). The latter result also contributes to the property of the quotient Bers embedding (Theorem 7.2).
Preliminaries
In this section, we review basic facts on the universal Teichmüller space T and its little subspace T 0 . For details, we can refer to monographs [10, 14, 15, 18] . Let
denote the open unit ball of the Banach space L ∞ (D) of essentially bounded measurable functions on the unit disk D. Let M 0 (D) consist of all µ ∈ M(D) vanishing at the boundary, that is, µ satisfies ess sup
For µ ∈ M(D), the solution of the Beltrami equation (the measurable Riemann mapping theorem (see [2] )) gives a quasiconformal homeomorphism f of D onto itself that has complex dilatation µ. This is uniquely determined up to post-composition of an element in the group Möb(D) of Möbius transformations of D. The quasiconformal homeomorphism f extends to S continuously as a quasisymmetric homeomorphism of S. Conversely, any quasisymmetric homeomorphism of S extends continuously to a quasiconformal homeomorphism of D. Under a normalization condition such as f keeps the points 1, i, −1 fixed, f is determined uniquely by µ ∈ M(D). We denote this normalized quasiconformal homeomorphism of D as well as its extension to S by f µ . By giving the normalization, M(D) becomes a group with operation * , where µ * ν for µ, ν ∈ M(D) is defined as the complex dilatation of f µ • f ν . The inverse ν −1 denotes the complex dilatation of (f ν ) −1 . We say that µ and ν in M(D) are equivalent (µ ∼ ν), if f µ = f ν on the unit circle S. We denote the equivalence class of µ by [µ] . Then, the correspondence 
is well-defined to be a homeomorphism onto the image. By which the complex structure modeled on the quotient Banach space B 0 (D * )\B(D * ) is provided for AT . These facts were proved in [11] and [8] .
The barycentric extension due to Douady and Earle [6] gives a quasiconformal extension E(h) : D → D of any quasisymmetric homeomorphism h ∈ QS in a conformally natural way. In fact, the quasiconformal extension E(h) is a diffeomorphism of D that is biLipschitz with respect to the hyperbolic metric. The conformal naturality means that
is satisfied for any h ∈ QS and any g 1 , g 2 ∈ Möb(S), where the extensions E(g 1 ) and E(g 2 ) are in Möb(D). The barycentric extension induces a continuous (in fact, real analytic) section s :
Piecewise symmetric Teichmüller space
In this section, we introduce a new family T X ♯ of Teichmüller spaces which gives an interpolation between T and T 0 .
Let X be any subset of S. We say that µ ∈ L ∞ (D) vanishes at the boundary relative to X if for every ε > 0, there exists a compact subset K of D ∪ X such that
that vanish at the boundary relative to X,
Definition. For X ⊂ S, we denote by QS By the composition or the inverse of quasisymmetric homeomorphisms, the subset X may be mapped to another subset Y of S. On account of this, QS X ♯ is not a subgroup of QS, and similarly, T X ♯ is not a subgroup of T unless either X or S \ X consists of less than or equal to three points.
In the remainder of this section, we focus on the case where X ⊂ S consists of finitely many points. In this case, we call an element of QS X ♯ a piecewise symmetric homeomorphism for X and T X ♯ the piecewise symmetric Teichmüller space for X. For a finite subset X ⊂ S, we easily see the decomposition of the Banach space of the Beltrami differentials as follows.
Proof. The inclusion ⊃ is easy to see. For the inverse inclusion ⊂, we take any element µ in L X ♯ (D). The unit circle S is divided into n sub-arcs by the points ξ 1 , . . . , ξ n . Take the midpoint of each sub-arc and connect the midpoint of each sub-arc to the origin 0 by a segment. The union of these segments divide D into n sectors E 1 , . . . , E n , and each E i (i = 1, . . . , n) contains only one ξ i on its boundary. Then, the decomposition of µ is given simply by restricting µ to each sector;
We consider the intrinsic characterization of piecewise symmetric homeomorphisms h ∈ QS X ♯ as mapping on S. Before stating our result, we recall some terminology. 
Now we can characterize a piecewise symmetric homeomorphism for a finite set X ⊂ S without using quasiconformal extension. Proof. Suppose that h ∈ QS X ♯ . Then, there is an extensionh of h to D with complex dilatation µ ∈ M X ♯ (D), which implies that for every ε > 0, there exists a compact subset K of D ∪ X such that µ| D\K ∞ < ε. We conclude by (4) ⇒ (1) in Proposition 3.2 that h is symmetric on each closed interval I ⊂ S\X.
Conversely, suppose that h| I is symmetric for each closed interval I contained in S\X. For any η ∈ S\X, let I η be an open interval on S\X with X ∩ I η = ∅, containing η. Hu and Muzician [13, Theorem 2] showed that there exists an open subset V η of D with
Remark 3.5. Following Proposition 3.2 and Theorem 3.4, we find out that for a quasisymmetric self-homeomorphism h of S, h is symmetric if and only if h has a local dilatation equal to 1 at every point of S, while h is piecewise symmetric for X if and only if h has a local dilatation equal to 1 at every point of S\X. In this sense, the piecewise symmetric homeomorphism for X is a natural generalization of the symmetric homeomorphism on S.
Bers Schwarzian derivative map
In this section, we focus on the Bers Schwarzian derivative map Φ :
We first introduce the corresponding subspace of B(D * ). We say that ϕ ∈ B(D * ) vanishes at the boundary relative to X ⊂ S if for every ε > 0, there exists a compact subset 
Proof. By the integral representation of the Schwarzian derivative, which was established by Astala and Zinsmeister [3] (see also Cui [5] ), we have
for every ζ * ∈ D * , where C > 0 is a constant depending only on µ ∞ .
be a Möbius transformation of D onto itself that sends ζ to 0. Here, ζ ∈ D and ζ * ∈ D * are the reflection to each other with respect to S. We see that |γ
Here, for a given ε > 0, we choose a compact subset K of D ∪ X so that µ| D\K ∞ < ε under the condition µ ∈ M X ♯ (D). Then, the last formula is estimated from above by
where Area stands for the Euclidean area. We consider Area(γ ζ (K)) for ζ ∈ D \ K. The notation ≍ is used below when the both sides are comparable, i.e., one side is bounded from above and below by multiples of the other side with some positive absolute constants. The notation is used when the left side is bounded from above by a multiple of the right side with some positive absolute constant.
Noting that Area(γ ζ (K)) 1 − d(0, γ ζ (K)) for the Euclidean distance d, we see that
by the hyperbolic distance formula d H (0, z) = log 1+|z| 1−|z| (z ∈ D) and its conformal invariance. Therefore, a condition d H (ζ * , K * ) > − log ε implies that Area(γ ζ (K)) < Aε for some absolute constant A > 0. We set
Combining this area estimate with the above integral inequality, we conclude that if
Since ε > 0 is arbitrarily chosen, this implies that
We note that Φ : 
Barycentric extension
In this section, we will prove that the barycentric extension gives an appropriate right inverse of π : M 
Proof.
(1) ⇒ (2): For any point η ∈ S\X, we take a sequence {z k } k∈N ⊂ D that converges to η. For each k, we choose a Möbius transformation g k ∈ Möb(D) with g k (0) = z k , and
We also see that {g k (z * )} converges to η for every z * ∈ D * . Since we assume that 
The conformal naturality of the barycentric extension implies that
) is continuous and {z k } is an arbitrary sequence converging to a point on S \ X, this implies that
from which the assertion follows.
As before, for a point η ∈ S\X and a sequence {z k } k∈N ⊂ D converging to η, we choose g k ∈ Möb(D) with g k (0) = z k , and define
we see that
tends to 0 as k → ∞ for any r > 0. Here, ∆(z, r) ⊂ D denotes a hyperbolic disk with center z and radius r.
, by passing to a subsequence, we may assume that f µ k converges uniformly to some quasiconformal homeomorphism f µ 0 with a complex dilatation µ 0 ∈ M(D) and f ν k converges uniformly to some f ν 0 with ν 0 ∈ M(D).
Since E is arbitrary, we see from this estimate that the limit
is the identity by the normalization. Therefore, f µ 0 = f ν 0 , and both f µ k and f ν k converge uniformly to the same limit f µ 0 as k → ∞. For every µ ∈ M(D), we define Φ(µ)(z) = z 4 Φ(µ)(z) (z ∈ D * ). As ρ , it can be proved that Φ(µ k ) and Φ(ν k ) converge to the same limit Φ(µ 0 ) locally uniformly on D * as k → ∞. Therefore, Φ(µ k ) − Φ(ν k ) converges to 0, and in particular,
The equivariance of the Bers projection implies that 
Proof. Theorem 4.1 implies that β(T
. By taking ν = 0 in Theorem 5.1, we see that the converse inclusion is also true.
Holomorphic split submersion
In this section, we will endow T With the aid of these claims, we can show that the Bers Schwarzian derivative map Φ is a holomorphic split submersion onto its image. 
The existence of some local holomorphic section can be given by a standard argument below.
We first complete showing that Φ is a split submersion by assuming that there is a local holomorphic section σ :
. We see that r ν is a biholomorphic automorphism of M X ♯ (D) which satisfies π • r ν = π and r ν (σ(φ)) = µ. Then, we obtain the required local section r ν • σ on U φ passing through µ.
In the rest of the proof, we show the existence of a local holomorphic section. Let φ = Φ(µ) for a given µ ∈ M X ♯ (D). Without loss of generality, we may assume that
for the reflection j : ζ → ζ * with respect to S. We may assume that f φ is normalized so that lim z→∞ (f φ (z) − z) = 0. Since the barycentric extension f µ is a bi-Lipschitz diffeomorphism with respect to the hyperbolic metric, we see that so is f φ | D , and hence, the quasiconformal reflection γ : D → D * is a bi-Lipschitz diffeomorphism with respect to the hyperbolic metrics on D and D * . Ahlfors [1] (see also [10, 14] ) showed that there exists a constant C 1 1 depending only on µ ∞ such that
for every z ∈ D, where ρ D * (z) is the hyperbolic density on D * . We set
for ε > 0. For each ψ ∈ B ε (φ), there exists a unique locally univalent holomorphic function f ψ on D * with the normalization as above such that S(
When ε > 0 is sufficiently small, it was proved in [1] that g ψ is univalent (conformal) and can be extended to a quasiconformal homeomorphism of C whose complex dilatation µ ψ on D has the form
.
We set U φ = B ε (φ) for this ε > 0. Then by (1), every ψ ∈ U φ satisfies
for some constant C 2 > 0, which also depends only on µ ∞ . Consequently, f ψ = g ψ • f φ is conformal on D * and has a quasiconformal extension to C whose complex dilatation ν ψ on D is given as
It is well known that ν ψ depends holomorphically on ψ. Now it follows from (2) that 
These facts prove that β is a homeomorphism onto the image.
Finally, we note that the corresponding result to Proposition 3.1 is also valid for the space of the holomorphic quadratic differentials.
Proof. For the Bers Schwarzian derivative map Φ :
Since Φ is a submersion by Theorem 6.
. This completes the proof.
Quotient Teichmüller spaces and quotient Bers embedding
We consider two quotients: (1) T 0 \T X ♯ ; (2) T X ♯ \T . In both cases, we will prove that the quotient Bers embedding is well-defined and injective. Moreover, by verifying that it is a homeomorphism onto the image in the quotient Banach space, we provide a complex Banach manifold structure for each of them. For (1), this is essentially given by the theory of the asymptotic Teichmüller space AT = T 0 \T . For (2), we use Theorem 5.1 to introduce the equivalence relation that defines the quotient.
It is known that T 0 is a subgroup of T under the operation * given by . By the results in [11] , the Bers embedding β : T → B(D * ) is projected down to a well-defined mapβ :
and it is a local homeomorphism onto the image. We call this mapβ the quotient Bers embedding. Later, it was proved thatβ is in fact a global homeomorphism onto the image (see [10] and [8] ).
As T The following results were proved in [17] . Statement (2) has been slightly generalized by applying a result in [16] .
We will generalize Q ′ = Sym to QS X ♯ and prove the following two theorems corresponding to (1) and (2) in the above proposition.
Proof. The equivalence class of f ∈ QS 
Proof. As before, we consider
. We also choose a hyperbolic element g 0 ∈ G whose fixed points are not in X. By [17, Proposition 4.3] , the condition f Gf −1 ⊂ Diff r + (S) implies that ψ = g * 0 ϕ − ϕ belongs to the Banach space
for some α ∈ (0, 1). As in [17, Proposition 4.4] , we can show that
and the right side term converges to 0 as
i ψ(z). If we sum up the above equation from i = −1 to −n −1 and take the limit as n → ∞, then we can obtain the second equation in the same reason.
From Formulae (4), we can prove that ϕ itself belongs to Lemma 4.5] ). This in particular implies that f is a diffeomorphism of S onto itself. Then, by [16, Theorem 7 .4], we can conclude that f ∈ Diff r + (S).
Exhaustion by countable sequences
In this section, we investigate the relationship between the exhaustion of a subset X ⊂ S by an increasing sequence X n ր X and the inclusion 
. We choose some ξ ∈ X ′ \ X. For a parabolic transformation γ ∈ Möb(S) ∼ = Möb(D * ) with the fixed point ξ, we consider the γ -invariant subspace
which contains a non-zero element. For any non-zero element
D * (z)|ϕ(z)| takes the same value on the orbit {γ n (z 0 )} n∈Z of z 0 , which accumulates to ξ / ∈ X. This implies that ϕ does not belong to B X ♯ (D * ).
For any strictly increasing infinite sequence of subsets X 1 X 2 · · · X n · · · of S, we consider the sequence of the corresponding Teichmüller spaces To prove this claim, we use a corollary to the Baire category theorem (see [12, p.10] ). It asserts that for a sequence of nowhere dense subsets {E n } ∞ n=1 of a complete metric space in general, the countable union ∞ n=1 E n has empty interior.
Assume that We apply the above results to an ordered infinite sequence X = {ξ 1 , ξ 2 , . . . } of distinct points on S. We denote the set of the first n-th points by X n = {ξ 1 , ξ 2 , . . . , ξ n }. Then, we have a strictly increasing sequence of piecewise symmetric Teichmüller spaces {T Xn ♯ } ∞ n=1 . We are interested in the case where X is dense in S. However, the above results imply that there is no exhaustion of T by an increasing sequence of the piecewise symmetric Teichmüller spaces. In fact, we see more: 
